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We derive explicit analytic expressions for the lateral force for two different configurations
with corrugations, parallel plates and concentric cylinders. By making use of the multiple
scattering formalism, we calculate the force for a scalar field under the influence of a
delta-function potential that has sinusoidal dependence in one direction simulating the
corrugations. By making a perturbative expansion in the amplitude of the corrugation
we find the leading order for the corrugated concentric cylinders and the next-to-leading
order for the corrugated parallel plates.
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1. Energy and Green’s functions.
We consider a massless scalar field ψ interacting with a cylindrical δ-function po-
tential background with corrugations,
Lint = −
1
2
λ1δ(r − a1 − h1(θ)) −
1
2
λ2δ(r − a2 − h2(θ)) (1)
where indices 1 and 2 represent the two concentric cylinders with radii a1 and
a2 shown on the left side of Fig. 1. The functions h1(θ) and h2(θ) describe the
corrugations associated with the cylinders and we are going to assume they are
sinusoidal. Due to the geometry of our set up we have translational invariance on
the z-axes as well as time independence allowing us to make a Fourier transform of
the Green’s function on those coordinates,
G(x, x′) =
∫
dω
2pi
e−iω(t−t
′)
∫
dk
2pi
eik(z−z
′)g(r, r′, θ, θ′; k, ω), (2)
1
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where the reduced Green’s function satisfies the differential equation,[
−
1
r
∂
∂r
r
∂
∂r
−
1
r2
∂2
∂θ2
− ω2 + k2 − λ1δ(r − a1 − h1(θ))
−λ2δ(r − a2 − h2(θ))
]
g(r, r′, θ, θ′; k, ω) =
δ(r − r′)
r
δ(θ − θ′). (3)
The central formula in our calculation is the multiple scattering formula for the
Casimir energy 1,2,3,
∆E =
i
2τ
Tr lnGG(0)
−1
, (4)
where G(0) is the Green’s function associated with the background. In this sense we
are going to define the background as two concentric semitransparent cylinders and
the corrugations are considered to be a perturbation over such a background. There-
fore G(0) =
∫
dω
2pi e
−iω(t−t′)
∫
dk
2pi e
ik(z−z′)
∑∞
m=−∞
1
2pi e
im(θ−θ′)g
(0)
m (r, r′; k, ω) satisfies[
−
1
r
∂
∂r
r
∂
∂r
− ω2 + k2 +
m2
r2
+ V
(0)
1 (r) + V
(0)
2 (r)
]
g(0)m (r, r
′; k, ω) =
δ(r − r′)
r
. (5)
Here V
(0)
i (r) = λiδ(r − ai) is the potential for the background associated with
cylinder i and we define ∆Vi as the deviation of the total potential Vi(r, θ) =
λiδ(r − ai − hi(θ)) from it,
∆Vi(r, θ) = Vi(r, θ) − V
(0)
i (r) =
∞∑
n=1
[−hi(θ)]
n
n!
∂n
∂rn
V
(0)
i (r) =
∞∑
n=1
V
(n)
i (r, θ). (6)
This allows us to extract the interaction term E12 from Eq. (4), which is the only
term in ∆E that gives rise to the torque. It is expressed in terms of the perturbation
potential and the Green’s function Gi associated to each cylinder,
E12 = −
i
2τ
Tr ln
[
1−G1∆V1G2∆V2
]
. (7)
where Gi satisfies
[
−∂2 + V
(0)
1 (r) + V
(0)
2 (r) + ∆Vi(r, θ)
]
Gi(r, θ) = 1, and can be
expanded in terms of the Green’s function associated with the background,
Gi(r, θ) = G
(0)
−G(0)∆Vi(r, θ)G
(0) +G(0)∆Vi(r, θ)G
(0)∆Vi(r, θ)G
(0)
− ..., (8)
for i = 1, 2. Once we know the energy associated with this configuration, we can
calculate the torque corresponding to a shift of one of the cylinders with respect to
the other described by an angular rotation θ0
a
T = −
∂E12
∂θ0
. (9)
aFor the case of the parallel plates, we calculate the equivalent lateral force Flat = −
∂E12
∂y0
, where
y0, is the lateral shift between the plates.
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2. Leading order contribution. Corrugated concentric cylinders
We concentrate now in the case when the corrugations can be treated as small com-
pared to their wavelength. In this case we can make an expansion in the corrugation
amplitude in Eq. (7) and keep the leading order to start with.
Let’s assume sinusoidal corrugations and induce a rotation by an angle θ0 on one
of the cylinders. Then these corrugations can be expressed as, h1(θ) = h1 sin[ν1(θ+
θ0)] and h2(θ) = h2 sin[ν2θ], where h1,2 are the amplitudes and ν is the frequency
associated with the corrugations. The leading order contribution plays a role in the
total energy only when both cylinders have the same frequency, ν1 = ν2 = ν, giving
rise to a second order term in the amplitude,
E
(2)
12 =
i
2τ
Tr
[
G(0)V
(1)
1 G
(0)V
(1)
2
]
=
i
2τ
TrK(2). (10)
In terms of the reduced Green’s functions, the TrK(2) is given by:
TrK(2) =
λ1λ2
4pi2
∫
dωdk
(2pi)2
e−iω(t−t
′)eik(z−z
′)
∫
dθdθ′
∫
rdr r′dr′
∞∑
m,m′=−∞
h1(θ
′)h2(θ)
× eiθ(m−m
′)eiθ
′(m′−m)g(0)m (r, r
′)
[ ∂
∂r′
δ(r′ − a1)
]
g
(0)
m′ (r
′, r)
[ ∂
∂r
δ(r − a2)
]
, (11)
where we have used Eq. (6). To evaluate this expression we integrate by parts in r
and r′ and Fourier transform the functions hi(θ) that describe the corrugations on
the cylinders, hi(θ) =
∑∞
ν=−∞
1
2pi e
νθh˜ν . We can now integrate on θ and switch to
imaginary frequencies by an Euclidean rotation, ω → iζ,
E
(2)
12
Lz
= −
λ1λ2
(16pi)3
∞∑
m=−∞
∞∑
m′=−∞
(h˜1)m−m′(h˜2)m′−m
∫ ∞
0
κdκ
∂
∂r
∂
∂r¯
×
[
r r¯ g(0)m (r, r¯;κ) g
(0)
m′ (r¯, r;κ)
]∣∣∣∣
r¯=a1,r=a2
. (12)
Here κ2 = k2z − ω
2 = k2z + ζ
2 and the g
(0)
m ’s are the solutions of Eq. (5) in terms of
the modified Bessel functions. The explicit form of the g
(0)
m ’s in the different regions
are sorted out in Ref. 7 and they have been used there to evaluate the integral in
the above equation. We denote this integral by I
(2)
mm′
b,
I
(2)
mm′(a1, a2;κ) =
λ1λ2
∆∆˜
[
κa1I1K2
(
I˜ ′1K˜2 +
λ1
2κ
I˜1K˜2
)
+ κa1
(
I ′1K2 +
λ1
2κ
I1K2
)
I˜1K˜2
+κa2I1K2
(
I˜1K˜
′
2 −
λ2
2κ
I˜1K˜2
)
+ κa2
(
I1K
′
2 −
λ2
2κ
I1K2
)
I˜1K˜2
+I1K2I˜1K˜2 + κa1κa2
(
I1K
′
2 −
λ2
2κ
I1K2
)(
I˜ ′1K˜2 +
λ2
2κ
I˜1K˜2
)
+κa1κa2
(
I ′1K2 +
λ1
2κ
I1K2
)(
I˜1K˜
′
2 −
λ2
2κ
I˜1K˜2
)
bThe derivatives of the Green’s functions are calculated following the prescription described in
appendix A of Ref. 4.
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+κa1κa2
(
I ′1K
′
2 +
λ1
2κ
I1K
′
2 −
λ2
2κ
I ′1K2 −
λ1
2κ
λ2
2κ
I1K2
)
I˜1K˜2
+κa1κa2 I1K2
(
I˜ ′1K˜
′
2 +
λ1
2κ
I˜1K˜
′
2 −
λ2
2κ
I˜ ′1K˜2 −
λ1
2κ
λ2
2κ
I˜1K˜2
)]
. (13)
where ∆ = 1+λ1a1 I1K1+λ2a2 I2K2+λ1a1λ2a2 I1K2
(
I2K1− I1K2
)
and we have
used the notation I1,2 ≡ Im(κa1,2) (same for K) and with index m
′ for the tilde’s.
On the other hand the Fourier transforms, (h˜i)mm′ can be written explicitly as
(h˜1)m = h1
pi
i
[
eiνθ0δm,ν − e
−iνθ0δm,−ν
]
, (h˜2)m = h2
pi
i
[
δm,ν − δm,−ν
]
, (14)
and Eq. (12) becomes
E
(2)
12
Lz
= − cos(νθ0)
h1h2
8pi
∑∞
m=−∞
∫∞
0 κ dκ I
(2)
m,m+ν(a1, a2;κ).
(i) Dirichlet limit. For the case of the Dirichlet limit (aλ1,2 ≫ 1), Eq. (13) takes
the form
I
(2)D
mm′ (a1, a2;κ) = −
1
a1a2
1
[I2K1 − I1K2]
1
[I˜2K˜1 − I˜1K˜2]
. (15)
If we plug this into the above equation for E
(2)
12 and use Eq. (9), we find
T (2)D
2piRLz
= −ν sin(νθ0)
h1h2
16pi2R
∞∑
m=−∞
∫ ∞
0
κdκ IDmm+ν(a,a2;κ), (16)
where we have divided by a factor of 2piR, which is the mean circumference.
(ii) Weak coupling limit. For the case of weak coupling (aλ1,2 ≪ 1) the Casimir
torque per unit area becomes
T (2)W
2piRLz
= ν sin(νθ0)
λ1λ2
32pi2 a
h1
a
h2
a
α3
2
∂
∂α
[
1
α2
(
1− α
1 + α
)ν
(1−α2)(1+2αν+α2)
]
,
(17)
where α = a2R
3. Next-to-leading-order contribution. Parallel corrugated plates.
The calculation of the leading-order contribution in the case of parallel plates with
corrugations, is analogous to the case of concentric cylinders and we are not going to
give its derivation herec. In the case of parallel plates, the corrugations are described
by the functions h1(y) = h1 sin[k0(y+y0)] and h2(y) = h2 sin[k0y],, where k0 = 2pi/d
is the wavenumber corresponding to the corrugation wavelength d (see Fig. 1),
and y0 is the shift that gives rise to the lateral force. The next-to-leading-order
contribution is calculated from Eq. (7) by keeping terms up to fourth order in the
corrugation amplitudes. The reason is that, as happens for corrugated concentric
cylinders, for the case of corrugations with the same wavelength on both plates,
the leading order is a second-order contribution while the third-order perturbation
cA derivation of the leading order following the method described here can be found in Ref. 4.
The electromagnetic case at the same order has been calculated in Ref. 5, 6.
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θ0
a
a1
a2
a
y0 d = 2pi
k0
h1
h2
Fig. 1. Non-contact gears: On the left, concentric corrugated cylinders with the same corrugation
frequency, ν = 15, on each cylinder. θ0 is the angular shift between the gears. On the right, parallel
plates with sinusoidal corrugations. The lateral shift between the plates is y0.
terms do not contribute to the energy. Therefore, the next-to-leading order is a
fourth order term. Following the notation introduced in Eq. (10) we can write
E
(4)
12 =
i
2τ TrK
(4), where in a simplified notation K(4) can now be written as,
K
(4) =
[
G(0)V
(2)
1 G
(0)V
(2)
2 −G
(0)V
(1)
1 G
(0)V
(1)
1 G
(0)V
(2)
2 −G
(0)V
(1)
1 G
(0)V
(2)
1 G
(0)V
(1)
2
+ G(0)V
(1)
1 G
(0)V
(1)
1 G
(0)V
(1)
2 G
(0)V
(1)
2 +
1
2
G(0)V
(1)
1 G
(0)V
(1)
2 G
(0)V
(1)
1 G
(0)V
(1)
2
]
+
[
G(0)V
(1)
1 G
(0)V
(3)
2 −G
(0)V
(1)
1 G
(0)V
(1)
1 G
(0)V
(2)
2 −G
(0)V
(1)
1 G
(0)V
(2)
2 G
(0)V
(1)
2
+ G(0)V
(1)
1 G
(0)V
(1)
2 G
(0)V
(1)
2 G
(0)V
(1)
2
]
+
[
G(0)V
(3)
1 G
(0)V
(1)
2 −G
(0)V
(2)
1 G
(0)V
(1)
2 G
(0)V
(1)
2 −G
(0)V
(2)
1 G
(0)V
(1)
1 G
(0)V
(1)
2
+ G(0)V
(1)
1 G
(0)V
(1)
1 G
(0)V
(1)
1 G
(0)V
(1)
2
]
= K(2,2) +K(1,3) +K(3,1). (18)
The upper-indices in the last line indicate the order of contribution of the potentials
V1 and V2 respectively. We explicitly write one of the above terms to illustrate the
procedure. K(2,2) can be written as K(2,2)A+ 12K
(2,2)B where the last term gives the
following contribution to the interaction energy,
E
(2,2)B
12
Lx
=
−λ21λ
2
2
4pi
∫
dk1
2pi
dk2
2pi
dk3
2pi
dk4
2pi
h˜1(k1 − k2)h˜2(k2 − k3)h˜1(k3 − k4)h˜2(k4 − k1)
×
∫ ∞
0
κ¯dκ¯
∂
∂z1
∂
∂z2
∂
∂z1
∂
∂z2
g(0)(z1, z2)g
(0)(z2, z3)g
(0)(z3, z4)g
(0)(z4, z1). (19)
Here, similarly to the case of concentric cylinders h˜1(k) = h1
pi
i
[
eik0y0δ(k − k0) −
e−ik0y0δ(k + k0)
]
and we get h˜2(k) from h˜1(k) by setting y0 = 0
d. The rest of the
terms in Eq. (18) can be written n the same fashion.
dThe reduced Green’s functions used here satisfy the Cartesian coordinate version of Eq. (3) and
the solutions can be found in appendix A of Ref. 4.
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(i) Dirichlet limit. The next-to-leading order contribution to the lateral Casimir
force in the limit (aλ1,2 ≫ 1) becomes
F
(4)
Lat,D = 2 k0a sin(k0y0)
∣∣∣F (0)Ca’s,D∣∣∣ h1a h2a 154 1pi4
∫ ∞
0
s¯ ds¯
∫ ∞
−∞
dt
{
1
2
(
h21
a2
+
h22
a2
)
×
s
sinh s
s+
sinh s+
[
4
s
tanh s
s−
tanh s−
+ 2
s
tanh s
s+
tanh s+
− s2 − s2−
]
(20)
−2 cos(k0y0)
h1
a
h2
a
[
s2
sinh2 s
s2−
sinh2 s−
+ 2
s2
tanh2 s
s+
sinh s+
s−
sinh s−
]}
,
where s2 = s¯2 + (ka)2, and s2± = s¯
2 + (ka± k0a)
2.
(ii) Weak coupling limit. If we now take the limit aλ1,2 ≪ 1 we find that the fourth-
order contribution to the lateral Casimir force in the weak coupling equals
F
(4)
Lat,W = k0a sin(k0y0)
∣∣∣F (0)Cas,W∣∣∣ h1a h2a 32
[(
h21
a2
+
h22
a2
)
e−k0a
4∑
m=0
(k0a)
m
m!
−2 cos(k0y0)
h1
a
h2
a
e−2k0a
4∑
m=0
(2k0a)
m
m!
]
. (21)
4. Conclusions
We have used multiple scattering techniques to calculate the leading-order torque
between concentric cylinders with corrugations and the next-to-leading-order cor-
rugated parallel plates. Our results for the Casimir torque on corrugated cylinders
reproduce the results for the lateral force on corrugated parallel plates in the limit of
large radii and small corrugation wavelengths, see Ref. 7 and Lateral Casimir forces
on parallel plates and concentric cylinders with corrugations by the same authors
in the procceedings of the seminar “60 years of the Casimir Effect”.
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